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1.1. FOREWORD

Does not consider chemometrics (sensometrics) from its purpose
(Extract knowledge from data) but its two main components (data and
methods)

The data sets are conceptualized as matrices and methods use
intensively matrix algebra.

The matrix algebra is an essential component of chemometrics
(sensometrics).



1.2. STARTING POINT...

Increasingly, the matrices involved in chemometrics (sensometrics) are associated
with one or more partitions.

The partitions are an important aspect of data and methods in chemometrics
(sensometrics)

The partition can be an important part of the data sets themselves. (Example multiblock data)
The partition can be a part of the method (clustering methods)
The partition can be latent which emerged during the implementation of algorithms (eg. Cross-

validation procedure).
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1.3. HYPOTHESIS AND ATMS J
THE TREE THAT HIDES THE FOREST

tree is matrix algebra.
the forest is partitioned matrix algebra.

Aims

To formalize a framework for computing on partitioned matrices.
To introduce rules and concepts to perform computation on partitioned matrices.
To study the contribution of this framework in chemometrics (sensometrics).

Interests.

A framework that provides powerful tools for fast prototyping algorithms.

A framework that offers effective tools to disseminate and implement chemometrics
(sensometrics) algorithms and methods.

A framework inspired by chemometrics (sensometrics) for new developments in mathematiés



2.1. ISSUE (1)

How to choose an appropriate class from several kinds of partitionned

matrices ?

Partitionned Matrix= Matrix + Partition of the positions of its elements.

Block-matrices are partitioned matrices where the partition of its elements
can be described as a partition on the rows or columns or both at once.

1 2 4 5 12 3|4 5
6 7 9 10 6 7 8|9 10
11 12 13 14 15 11 12|13 14 15
16 17 18 19 20 16 17|18 19 20
(3) blocks (4) blocks

1 2 3
6 7 8

4 5
9 10

11 12 13

16 17 18

14 15
19 20

Bloks are not matrices

Bloks are matrices

and

The global organization of the
blocks is not a matrix

(4) blocks

1 23 4 5
6 7 8 9 10
11 12 1314 15
16 17 18 19 20

Both Blocks and
their global organization
define matrices

Several kinds of partitionned matrices




2.2. CONTRIBUTION (1)

Definitions and Notations for block-Matrices

Partition of an integer.
k

A partition on an integer n in k parts is a decomposition of n as: n= Zz-i (r, #0)
i1

P, (n) denotes the set of partitions of n in k parts.

Partition of a pair of integers.
A partition of a pair of integers (n,p) is an element of P(k,k)(n, p) =P, (n)x Pg(p)

— (D7),

« ((1;1(9191)’(7))’ )
. 1,1,1,1),(1,1,1,1,1,1,1)),
Block-Matrix. ((2,2).(2,3.2)),

Some partitions of (4,7)

O An element of |\~/|P( ) =M, %Py c)(n, p) is called block-matrix

k,E)(”vp
o A block-matrix is a pair of a matrix and a partition of its dimension.

o A partition of the dimension of a matrix is called Block-dimension.

o Notation for block-matrix ZS

(Re(n).Pc (p))



2.3. ISSUE (2)

How to handle block-matrix on scientific software (here R or Matlab)?

BlockMatrix toolbox |

BlokBerry Package /(p

David Legland. (Gaston Sanchez

https://github.com/dlegland/BlockMatrixToolbox https://github.com/gastonstat/blockberry

CONTRIBUTION (2) : TWO TOOLBOXES FOR BLOCK-MATRICES.
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o =

ElockMatrix object with S rows
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row dims:
col dims:

BlockMatrix(reshape (1:20,
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Working with a block-matrix




>» rowbBlock=blockDimen=sions (&, 1)

rowblock =

IntegerPartition object with 2 term=
(3, 2)

>>» colBlock=blockDimensions (&, 2)

colBlocock =

IntegerPartition object with 2 term=
(2, 2}

= i Jray o o
size (R) Sizes of block-matrices

ans =

S 4

>>» bBlockumber (&)

ans =

4

=>> bBlockBize (&)

ans =




L =

BlockMatrix object with - rows and 4 columns

row dim=s: 3 2
col dims: 2 2

ol Wk

>> reveal (A)

2 2
3 o+ 0+
2+ o+

*» R11=nL{1,1}

21l =
1 &
2 7
3 i

> RIZ=R{2,2}

rzz2 =

14 15
15 20

*>» getBlock(&,1,1)

W =

10

11 ia
12 17
13 i3
14 15
15 20

Almost basic manipulation operations have been extended to
block-matrices




2.4. ISSUE (3)

To what extend matrix product can be extended to block matrix ?

%* X.. = ab.
* _ S ij ij
W o h %
A« B X ! k=p,
- = & * X: = Y a.hb.
(Na.PA) w(n:;)B) (nxpx) - ! KZ::' K

What 1s the appropriate notation?

How to define the Block result ?

What are the validation rules for these products ?
What’is the Block-dimension of the result ?

|

2 \’Xij:?

A x B X =2

(PkA (na), Pea (Pa )) ? (PkB (ng Y';kB (Pe )) (ka (nX:TDJkX (Px ))



2.5. CONTRIBUTION (3)
Introduce and unify (9+6=15) products for block-matrices

X = A Twoe, B
(ka<nx>,PEx<px>) (Ps (02):Pr, (Pa)) (Pes (Mg )P, (pe )

X =ay * Well known

") * (wh) X ZA.k *1 By
_ *
(s,h) Xij = A11 h Bij New *(u " . =k:RZ]A: A * B, Well known
B % ’ ij - ik u j
) Xij =A,%, Bij M. Giinther, and L. Klotz (2013) *(u 1 X, %A W. De Launey and J. Seberry (1994)
’ ik k kj
S X;=A;* By Koning Neudecker, Wansheelk(1891) o X, aﬂ : = kronecker
— * ,
*h,e) Xy =28 By Hew * k,h) Xy = Ay ™ Bn @ *sh)
— *
* (h.h) Xij = Ay " By Wellknowa * k) X;=A;*, B, ®*6eu)
*(h o X; =A;*, B, Horn, Mathias and Nakamura (1991)
*(h,k) X = Aij 5, Bij R. A. Horn et al (1992)

%* Ka N
(ws) X, = a,* B, o

k=1




dew to MATLAB? See resources for Getting Started. x

ElockMatrix object with 5 rows and 4 columns
row dims: 3 2
col dims: 2 2

11 16 A
1z 17
10 15 20 / The 15 products are
available in Block

Matrix Toolbox

LAY SR % R % I S
[Tl = IC I« 1
[

L
=
co

»» B = BlockMatrix (reshape(l:12, [4 31), {[2 21, [2 11})

B =

ElockMatrix object with 4 rows and 3 columns
row dims: 2 2
col dims: 2 1

B

1 5 3
2 6 10 /
3 7 11
4 8 12

»» X = blockProduct_hu(&,B)
o=
ElockMatrix object with 5 rows and 3 columns

row dim=s: 3 2
col dim=s: 2 1

T X=A*, B
16 52 278
19 63 297 / (h ,u )
a 100 382
55 11:% 405




Command Window

Mew to MATLAB? See resources for Getting Started.

>» B = BlockMatrix(reshape(l1:36, [&6 &6]), {[3 31, [2 2 2]})
o =
BlockMatrix object with & rows and & columns

row dims: 3 3
col dims: 2 2 2

Fy

10 1é 22
11 17 23
12 18 24

33 The 15 products are
available in Block
»>» B = BlockMatrix (magic(&), {[3 3], [2 2 2]1}) Matrix TOOlbOX

LRI RS
woom

=]

on b L RS
(Y= = ]
=k
[T
[ e ]
=]
[ LR ]
(U ]

BlockMatrix object with & rows and & columns
row dims: 3 3
col dims: 2 2 2

358 1 ] 2a 19 24

3 32 7 21 23 25 B
31 9 2 22 27 20
g 28 33 17 10 15
30 5 34 12 14 16
36 29 13 18 11

>» X = blockProduct_hh (R, B}
x =
BlockMatrix object with 6 rows and 6 columns

row dims: 3 3
col dims: 2 2 2

35 7 78 494 475 744 X — A B
& 256 EE 420 598 800 (h1h)
F 93 81 30 262 729 660



2.6. ISSUE (4
6 ( )HOW THE FRAMEWORK IS USEFUL ?
UN EXAMPLE : FAST PROTOTYPING ALGORITHMS FOR MULTIBLOCK METHODS

z,=Xa,,z, =X,a,,...2;, =X, a,

i I
LR Il = ,
i

max » (z,,z)

K lal=lzl=1 4=
Sk ey
Notation based on matrix algebra Notation based on Block-matrix algebra

7
i

ZK:X'X al (v
A=t - (L<k<K) A_(X *(u,U)X)
X X,al S+ s)|| s
|Z=1: Ky a( 1):|:HA*(h,u)a() :|*(h,s) [A*(h,u)a( )k].SKSK)

1. Van de Geer, J.P. (1984). Linear relations among k sets of variables. Psychometrika, 49, 79-94.

2. Hanafi,M., Ten Berge, J. (2003). Psychometrika ,vol. 68, NO. 1, 97-103.
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function [dg,init,lamda]= maxbet (data,vec,t,tol)

a=data'*data

k=length (vec) ;%Inombre de blok%
[,p]l==size (a);Fcolonne de =X
il=0;

iz2=0;

lamda=zeros= (k,1):

$t=rand(p,1):

il=0;

iz=0;

for i=1:k,
il=il+1;
iZ2=iZ4+vec(i):
t{il:i2,:)=t(il:4i2, ) /norm(c(il:diZ,:)):
il=iz;
end

init=t;
residu=1;
g=zerc=s(p,1l):
while (residu>»seuil)

y=ar T
a0 Without
T BlockMatrix Toolbox

i2=0;

for i=l:k,
il1=il1+1;
iZ=iZ+vec(i):
agi{il:i2, :)=v(il:4i2, :)/norm(yv(il:4i2,:)):
il=iz;
end
regidu=abs (L'*a*t-g'*a*qg) ;
t=a:
end
il=0;
iz=0;
for i=1:k,
il=il+1;
iZ2=iZ+vec(i):
lamda (i, :)=g(il:i2,:) "*a(il:1i2, :)~g:
il=izZ:

W omm =1 & A s L R P

I ORI ORI ORI RN B B R
A R N R = = B R M T S JO R Ny ey

oW BlockMatrix representing tl normalized i

= leckPdeact_hs(1.HblockNDrm(tt], tt);

blockProduct uu(data',data):

rezid = 1;

With
BlockMatrix Toolbox

iter = 0;

while resid > tol
iter = iter + 1;
g = blockProduct uu (&hk,qqg):
o blockFrodact_hs(l.ﬁblockﬂnrmiq], g)r % block normalization

rezid = norm(blockMNorm(g) - blockNormigg)):, % residual



3.1. CONCLUSIONS

Clarify the definition and vocabulary for block matrices.
What is a block matrices and what it is not ?

Introduce the block-dimension of the block-matrices.
How to describe the size of a block-matrix?

Introduce and unify (15) products for the block-matrices.

Mount connections examples of the proposed framework with chemometrics.
Does this framework is useful for chemometrics?

Provide operational solution for fast prototyping algorithms that involve block-matrices.
(Packages)

How to handle and work with block-matrices under R or Matlab?



3.2. PERSEPCTIVES

There are, at least, 15 different ways to extend intrinsically PCA to
block-matrices

X:A*( )B+R

W,y

In practice, some of the 15 extensions can be relevent in multiblock
data analysis perspective

Identify these extensions 1s the main perspective of this work.



